I. INTRODUCTION
Due to the celebrated works of Hawking 1] and Bekenstein 2], a black hole has a temperature proportional to the surface gravity on the black hole horizon and an entropy proportional to the area of event horizon. This put the rst law of black hole thermodynamics on a solid fundament 3]. Also this made people believe that a black hole is a thermodynamic system.
The phase transition is an important phenomenon in the ordinary thermodynamics. It is therefore natural to ask whether there is any phase transition in the black hole thermodynamics. Davies 4] (2) According to the formula C J;Q = (@M=@T ) J;Q , the heat capacity is C J;Q = MTS 3 J 2 + Q 4 =4 ? T 2 S 3 :
For the Schwarzschild black hole, C = ?M=T < 0; For an extremal Kerr-Newman black hole, C J;Q ! 0 + . Thus the heat capacity must diverge at certain points: ( 
Based on the in nity discontinuity of the heat capacity, Davies claimed that there are second-order phase transitions in black hole thermodynamics. Many authors have investigated the critical points in the di erent black holes 5{8]. Lousto 9] claimed that the critical points of Davies satisfy the fourth law of black hole thermodynamics: scaling laws, from which he assigned the effective spatial dimension of black holes to be two, and thought that his result is in complete agreement with the membrane picture of black holes 10]. However, he found later that his calculation has some errors. Thus his two-dimensional e ective model of black holes becomes invalid.
On the other hand, some people think that there exist a critical point at the extremal limit of black holes and a second-order phase transition takes place from an extremal black hole to its nonextremal counterpart 11]. Kaburaki 12] found that the critical point at extremal limit also obeys the scaling laws by investigating the thermal equilibrium uctuations of Kerr-Newman black hole in the micro-canonical ensemble. The present author and collaborators have investigated in detail the critical behavior in the BTZ black holes 13], dilaton black holes 14], and black p-branes 15] , respectively, and obtained some interesting results. This article is devoted to showing these results in the nondilatonic black p-branes and arbitrary dimensional dilatonic black holes.
The organization of this paper is as follows. In next section we will discuss the critical behavior in the nondilatonic black p-branes and calculate the relevant critical exponents. In Sec. III we investigate the case of arbitrary dimensional dilatonic black holes. The conclusion and discussion are presented in Sec. IV. 
II. CRITICAL BEHAVIOR FOR NONDILATONIC BLACK P -BRANES
The magnetically charged black holes in the action (6) 
Obviously, the two eigenvalues approach zero as the extremal limit is approached. Hence some second moments must diverge at the extremal limit 15]. As in the ordinary thermodynamics, the divergence of second moments means that the extremal limit is a critical point and a second-order phase transition takes place from the extremal to nonextremal black p-branes. As is well known, the extremal black p-braes are very di erent from the nonextremal in many aspects, such as the thermodynamic description and geometric structures 13]. In particular, it has been shown that some extremal black p-branes are supersymmetric and the supersymmetry is absent for the nonextremal black p-branes. So The critical exponents and ?1 are negative, which shows the fact that the order parameter ' diverges at the extremal limit. This is because the critical temperature is zero in this phase transition. It is easy to check that these critical exponents satisfy the scaling laws of the \ rst kind," On the other hand, in an ordinary thermodynamic system, an important physical quantity related to phase transitions is the two-point correlation function, which has generally the form for a large distance, from which it is easy to see that these critical exponents are independent of the dimensionality of spacetime and parameters of black holes. These critical exponents are exactly the same as those of three dimensional BTZ black holes 13]. Recall the fact that the BTZ black holes are also exact non-dilatonic black hole solutions in string theory, we nd that these critical exponents are universal for non-dilatonic black holes, an important feature of critical behavior in the non-dilatonic black holes. For the dilatonic black holes with the coupling constant a obeying (7), we nd that the e ective spatial dimension is also p (it is one for p=0). For a general a, the scaling laws still hold, but these critical exponents and e ective dimension will depend on the coupling constant a and the dimension d of spacetime. In the next section, for the sake of generality, we will discuss case of an arbitrary dimensional dilatonic black holes.
III. CRITICAL BEHAVIOR FOR ARBITRARY DIMENSIONAL DILATONIC BLACK HOLES
If the coupling constant a between the dilaton and 
Thus we have the nonvanishing second moments in the micro-canonical ensemble,
From the above, we can see that, when b = 2=(d ? 2), these second moments are nite at the extremal limit. In this case, the extremal limit of black hole is not a critical point, just as the a = 1 dilaton black holes in four dimensions 14] . Except this case, all second moments diverge as the extremal limit is approached. This means that the extremal limit is a critical point. Similar to the previous section, we can obtain the critical exponents in the \ rst kind" In general, the e ective dimension will be on longer an integer. In particular, when a 2 > 2(d ? 3) 3 =(d ? 2) , the e ective dimension is negative. The implication has been discussed in 14]. This can be explained in the intersecting M-brane con gurations 19].
IV. CONCLUSION
From the above and combining with the results obtained in Refs. 13{15], we have the following conclusions:
(1) The extremal limit of dilatonic and non-dilatonic black p-branes is critical point and corresponding critical exponents obey the scaling laws.
(2) For the non-dilatonic black holes and black strings, the e ective spatial dimension is one. This result is also reached in the BTZ black holes and 3-dimensional black strings 13].
(3) For the non-dilatonic black p-branes (black string for p = 1), the e ective dimension is p, so does it for the dilatonic black holes produced by the double-dimensional reduction of the non-dilatonic black p-branes.
(4) For other dilatonic black holes and black p-branes, the e ective spatial dimension depends on the parameters in theories. 
where M ext is the ADM mass of extremal black p-branes. Notice that the ADM mass and entropy of black p-branes are extensive quantities with respect to the volume of p-branes. Thus, near the extremal limit, the thermodynamic properties of non-dilatonic black p-branes can be described by the blackbody radiation in (1 + p) dimensions, which also further verify that the e ective spatial dimension is p. For the dilatonic black holes (8) with constant a satisfying (7), the equation (47) is also valid.
Although the entropy of dilatonic black holes is not an extensive quantity, the entropy can be regarded as the entropy density of the non-dilatonic black p-branes. Thus it seems to imply that these dilatonic black hole entropy can also be explained as the way of p-branes, although the string coupling becomes very large in this case. Therefore, the entropy for the near extremal nondilatonic black holes, black strings, and black p-branes may be explained by free massless elds on the world volume.
Recall the recent progress in understanding entropy of black holes 18], in which the constant dilaton eld seems to be a necessary condition. Therefore, our conclusions are in complete agreement with the result of these investigations. In addition, Klebanov and Tseytlin 20] found that there are nondilatonic black p-branes whose near-extremal entropy may be explained by free massless elds on the world volume. Thus we also give an interpretation why the Bekenstein-Hawking entropy may be given a simple world volume interpretation only for the non-dilatonic p-branes (including the non-dilatonic black holes).
